This pioneering experimental work is a proof of concept in which ultrasonic flexural waves have been imaged in a spatially and temporally resolved manner. Thin vibrating plates made of mirror glass and carbon/epoxy composite have been used in the experiments. Results obtained via a standard approach (scanning laser Doppler vibrometry) and the novel methodology based on deflectometry have been compared with a multi-physics finite element simulation. There is a very good correlation between the two experimental techniques. The numerical model provides insight into the experiments, but differs in its detailed structure due to uncertainties over material properties. The extreme slope resolution of deflectometry allows the measurement of peak-to-peak deflections of a few tens of nanometres in one shot. The use of an ultra-high speed camera allows for both space and time resolved measurements of Lamb waves which, to the best knowledge of the authors, has never been reported before. The limitations of the technique arise from the need for a flat specularly reflective surface. However, coating is possible for non-reflective materials and extension to moderately curved surfaces is possible in the future.
Introduction
This paper introduces a technique for imaging Lamblike flexural waves in a solid plate. Pure Lamb waves, able to propagate in free plates of infinite extent, were described by Horace Lamb in 1917 [1] . In these plate waves both free surfaces move simultaneously, in contrast to Rayleigh waves which penetrate a limited distance into the bulk from a single moving surface [2] . There are two types of Lamb waves as illustrated in figure 1 and of primary interest here is the antisymmetric, or flexural, wave. These waves have attracted a lot of attention as they can propagate easily over long distances which makes them sensitive to the presence of damage or defects. Ostachowicz et al. have recently published a review article on full wavefield signal processing for crack detection [3] . In this article, the authors list three techniques that have been used to measure the full wavefields: ultrasonic transducers, laser Doppler vibrometry (LDV) and shearography.
Ultrasonic transducers gather data at a single point where the transducer is attached and can be used for online structural health monitoring, for instance. An array of sensors can be used to triangulate the damage location by analysing the time signals. Each of these sensors provides temporally resolved information but many of them are required to obtain a spatially resolved information, and each provides local mass-loading to the structure. Therefore, this technology is not suitable to provide a full spatial description of the structural response. Scanning using one or more ultrasonic transducers moved over a surface is also possible [4, 5] but lacks the speed and flexibility of full-field approaches.
LDV also gathers information at a single point but uses the Doppler-effect: the frequency shift of the reflected laser light from a moving point on the surface measures its local velocity. It is therefore a non-contact method and can be automated to scan the plate over a predefined measurement grid. This is scanning laser Doppler vibrometry (SLDV) and it provides spatially-resolved information allowing a structure's operational deflection shape to be ascertained [6] as long as the excitation and specimen response are stable with time. Thanks to its relative ease of implementation, it has been extensively used, for example, in full wavefield signal processing [3] but also in damage detection using mechanical equilibria formulations at low frequency on beams [7] , mid frequency [8] and high frequency [9] [10] [11] [12] on plates. Scanning laser Doppler vibrometry provides similar data to the technique proposed here as long as the excitation and response are stable over a prolonged period of time. However, the scan time is generally long and the spatial resolution is typically limited to a few hundred data points for a reasonable scan time, which is not enough to capture local strain concentrations arising from the presence of defects, as seen for instance on delaminated plates [13, 14] . Finally, it is unsuited for capturing transient data.
Shearography is a full-field interferometric technique which measures surface slopes (spatial derivatives of deflection) [3] . It has only been used to directly visualise damage such as cracks and delaminations or defects as these features reflect the incident waves. The reason behind this is the need for strobe lights which only allows the acquisition of data at a specific time to obtain the maximum magnitude, making this technique inconvenient for time-resolved measurements. Shearography provides spatially resolved information but temporal resolution is poor. Moreover, the equipment required for this technique is expensive and can be complex to use.
Among other full-field techniques, an obvious choice would be digital image correlation (DIC) [15] . It provides spatially and temporally resolved surface displacement maps by using cameras to track random markers attached onto the surface of the tested specimen. However, its displacement resolution is not sufficient for the current application. If one considers a correlation resolution of 0.01 pixels [16] and an sensor array of 1000 × 1000 pixels, one can therefore detect displacements of 0.01/1000 = 1×10 −5 of the field of view. For a field of view of 60 mm × 60 mm as is the case here, one has a resolution in out-ofplane displacements of 600 nm, about 3 times larger than the maximum amplitudes measured in this work. To be able to image these waves, the resolution would need to be around 10 nm requiring a factor of 60 improvement. This may be achieved by spatial smoothing but assuming noise scales down with the square root of the width of the smoothing window, the smoothing window should be 60 2 = 3600 data points wide which is more than three times larger than the number of independent displacement measurement points for a typical 30 × 30 pixel subset size.
The method adopted here is the grid method in deflectometry [13, [17] [18] [19] . It provides spatially and temporally resolved surface slope maps by tracking the reflection of a regular grid pattern on the bent sample. This technique has an extremely high slope resolution. If one considers a resolution in slopes of 0.53 mm km −1 [14] and a spatial resolution of 1 mm, one could theoretically have a resolution in out-of-plane deflections of 0.53×10 −6 × 1×10 −3 = 0.53 nm. Combined with ultra-high speed imaging, this technique is perfectly suited for this type of experiment. DIC can also be used in specular reflection mode using a random pattern for the reflection target [20] . This would improve the resolution of DIC, however, the spatial resolution is lower than that of grid-based deflectometry.
This paper presents a feasibility study on the spatially and temporally resolved visualization of ultrasonic flexural waves using a full-field slope measurement technique called deflectometry. To the best knowledge of the authors, it is the first time that this has been reported. It has the potential to provide a very valuable alternative to existing techniques to measure ultrasonic waves for NDT applications. The deflectometry measurements are used to generate operational deflection shapes for the plate which are compared to scanning laser Doppler vibrometry and numerical results. The first section describes the experimental set-up and data processing, then the finite element model is reviewed and the results are finally presented and discussed.
Experimental set-up
Two materials have been tested. The first one is a mirror made of glass with a reflective backing; the lateral dimensions are 152 mm by 110 mm and the thickness is 1.9 mm. A piezoelectric transducer has been bonded onto the back of the mirror using an epoxy resin. The second material is a carbon/epoxy laminate, Hexcel IM7-8552. The lay-up is [0 / + 45 / − 45 / 90] 3s and the ply thickness is 0.125 mm. The lateral dimensions of the carbon/epoxy plate are 200 mm by 140 mm and the thickness is 3 mm. The piezoelectric transducer has been coupled onto the plate using a coupling gel and spring clamps. A gel coat has been applied onto the carbon specimen to obtain a smooth specularly reflective surface, according to the procedure detailed in [21] . This procedure was improved by adding an inert charge, carbon powder in this case, to the mix in order to ensure maximal opaqueness and avoid any parasitic reflections from the rough specimen surface under the coating [22] .
The piezoelectric transducer is a square plate (50 mm by 50 mm by 2.01 mm) of Ferroperm PZ26 and is made of lead zirconate titanate (PZT). Figure 2 provides schematic of the samples (blue), the attached PZT (orange) and the regions of interest (ROI) imaged by the camera (green) and SLDV (red dashed line) for the glass panel only.
The experimental results have been obtained using the grid method in deflectometry. This method provides local surface slopes and is based on specular reflection of light as expressed in the Snell-Descartes law. Figure 3 presents a photo of the experimental set-up. The camera on the left-hand side is looking at the reflection on the sample of a printed grid pattern. The grid is a cross-hatch black and white pattern with a pitch of 2 mm and is shown as seen by the camera in the zoomed-in region in figure 3 . The grid and the sample are around 1 m far away on the right-hand side. Two 500 J and two 200 J flash lights have been used to provide sufficient illumination during the tests. The PZT driver equipment, situated on the right-hand side, consisted of a sinusoidal signal generator, a power amplifier and an oscilloscope to check the excitation frequency and amplitude. The sample needed to be supported during excitation to make the loading more stable, but in a way that approximated free-free boundary conditions. This was experimentally achieved by covering two thirds across the width of the bottom 2 cm of the sample with a fluffy textile and lightly clamped as illustrated in the zoomed-in area. Figure 4 presents the electrical impedance and phase spectra of the system "PZT bonded onto plate" for both mirror glass and carbon/epoxy composite. They were acquired by measuring the impedance at the PZT connections while sweeping through a frequency range using an impedance meter (C60 from Cypher Instruments). One frequency (43.3 kHz) was selected for the mirror and two (37.1 kHz and 99.8 kHz) for the composite plate. They are highlighted as vertical dashed lines in figure 4. These frequencies are electrical impedance minima, and thus lie close to mechanical resonances of the system; by operating close to resonance, we achieve larger amplitude flexural waves. The lower frequencies were selected as they were expected to produce large deformation amplitudes and the much higher one to test the limits in terms of amplitude and frequency while maintaining the time resolution for the frame rate (1 MHz).
A schematic of the principle of deflectometry is provided in figure 5 . Since the specimen surface is specularly reflective, a given pixel of the camera images the reflection of point P. When the sample deforms in bending, there is a local slope change at point M which causes a deflection of the ray of light. The same pixel now sees the reflection of point Q. The distance MM', denoted h, can be measured with a tape ruler and the distance PQ, denoted d, can be evaluated from the displacements of the grid lines. One can derive the following expression (see figure 5 for the definition of α and β):
Deflectometry is generally targeted at small deformations. When large deformations occur, the geometry changes and the data processing becomes much more complex. In the present case, the deformations caused by the flexural waves will be extremely small. Therefore, tan (α) is much smaller than one and Eq. (1) can be simplified to:
Since α is very small, tan (2α) is nearly equal to 2 tan (α). tan (α) represents the local slope of the plate at point M with:
In practice, d will be measured through numerical processing of the grid images and therefore, tan (α) will be provided by dividing d by twice the grid to specimen distance. It must be pointed out that this expression is only valid when the distance h is relatively large in comparison to the sample's dimension and the grid shifts. A new expression has been recently derived that does not suffer from such limitations [22] but it is unnecessary here. A nice feature of this measurement technique is that by increasing the grid to sample distance, one actually increases the slope resolution while keeping the same spatial resolution. There is however a physical limit to this increase which is dictated by the magnification and quality of the optical lens used on the camera. Figure 6 shows the flow of the data processing for deflectometry to obtain strains and deflections from the grid images and hence to allow operational deflection shape analysis. A series of n pictures are taken during the test. The first image is considered to be the reference. A further image is taken from the stack. The spatial phases along the horizontal and vertical directions of the reflected grid pattern are first extracted using a spatial phase shifting algorithm (windowed discrete Fourier transform) for both images [18, 23] . For both directions, the phase maps of the reference image are subtracted to that of the deformed images. They are then multiplied by , the local slope changes along both directions are obtained. Curvatures are then computed by numerical differentiation using a centred finite difference algorithm. Equivalent strains are finally obtained by multiplying the curvatures by half the plate's thickness according to the Love-Kirchhoff thin plate theory. Strains are named "equivalent strains" as they rely on the thin plate assumptions. Wherever these assumptions hold, they are actual surface strains which will be the case here; but if they are violated they cannot be called strains any more, see [14] . The deflection field is obtained by a least square numerical integration algorithm and setting the integration constant to zero as it corresponded to having the values on the nodal lines close to zero. This process is repeated for each images in the stack leading to n − 1 sets of slope, strain and deflection maps.
In order to provide adequate temporal resolution at the required spatial resolution, ultra-high speed cameras have been used to capture grid images at rates between 0.5 and 1 MHz. Ultra-high speed imaging is defined in [24] in opposition to high-speed imaging where imaging rates are limited by memory read-out rates. The cameras used here rely on novel 'In-Situ Image Storage' sensors where the memory read-out limitation is alleviated by storing the electrons directly on the chip and reading the electron wells after the test. This enables the capture of about 100 images at rates up to 5 MHz at an image size of about 100,000+ pixels. These cameras have shown issues when used to perform deformation measurements, see for instance [25] . However, the new generation suffers much less from these problems and imaging quality has improved remarkably [26] . These new technological developments make it possible now to record images at rates compatible with ultrasonic excitation, which significantly extends the coverage of techniques like deflectometry.
For the mirror sample, a Shimadzu HPV-2 ultra-high speed camera has been used to record a sequence of 102 images at 0.5 Mfps. It provides around 11.5 images per period over 9 periods with the PZT driven at 43.3 kHz. The first and last 12 images have been discarded because they are not reliable (well-known issue with this type of camera [25] ) leaving 78 pictures to process. Its sensor array is 312 by 260 pixels. For the carbon/epoxy plate, a Shimadzu HPV-X ultra-high speed camera has been used to record a sequence of 128 images at 1 Mfps. This is a new generation FTCMOS sensor which suffers much less from the issues of the HPV-2 sensor, as shown in [26] . It provides around 10 images per period over 13 periods with the PZT driven at 99.8 kHz and 37 images per period over 5 periods with the PZT driven at 37.1 kHz. Its sensor array is 400 by 250 pixels. For both experiments, the grid pitch was 2 mm and the sampling was 5 pixels per grid pitch. The grid-sample distance is 0.85 m and 1.03 m for the mirror and the carbon/epoxy samples, respectively. Using these sets of images (n = 78 or n = 128), the slope maps between image i and the reference, image 1, have been computed. Additionally, the phase maps have been spatially smoothed just after the spatial phase shifting step using a Gaussian kernel of 3 × 3 and 2 × 2 pixels for the mirror and carbon/epoxy samples, respectively. It was necessary because the low fill factors of these cameras was causing aliasing problems in the horizontal direction, as reported in [25] , even though the new Shimadzu HPV-X was less prone to this, hence the lighter smoothing. This also provided some extra noise reduction to improve the signal to noise ratio given the spectacularly low levels of deformation. Table 1 summarizes all the experimental parameters for both experiments and presents the noise floor values for the different physical quantities. The noise floor values were evaluated by first processing a series of grid images taken at rest using the same experimental conditions as a real test and following the work-flow described in figure 6 . Then the spatial standard deviation of the phase, slope, strain and deflection maps were computed and the final values were obtained by temporally averaging these spatial standard deviations over the number of recorded images. The camera was triggered without any reference to the driving signal. This has the advantage of simplifying the experimental procedure by avoiding the need for synchronization of the camera to the excitation signal. However, the first grid image most likely corresponds to an already deformed state as a consequence. As the response is harmonic and of the same frequency as the excitation, as illustrated by figure 7, the complete series of slope maps can be used to identify the harmonic response. This was performed by fitting the following function at each data point of the slope maps using a least-square approach:
Material
S(x, y, t) = A(x, y) sin (ωt + ϕ(x, y)) + B(x, y)
with A, B, and ϕ, the amplitude, the offset, and the phase A scanning laser vibrometer (Polytec PSV-300) has also been used to validate the results with the glass mirror specimen. The scan of 15 × 17 data points took around 5 minutes to complete. The data have been resampled using a linear interpolation from 15 × 17 to 40 × 50 data points to be comparable with that from deflectometry (50 × 60 data points). Because of this interpolation and the requirements of two numerical derivations, the strain fields are not significant. The field of view from deflectometry is slightly larger than that from the vibrometer, as shown in Figure 2 .
Finite element model
The excitation of the plate by the piezoelectric transducer has been simulated using the ANSYS multiphysics finite element package. The PZT, the resin layer and the mirror plate have been modelled. The properties of the PZT have been taken from the manufacturer's dataset [27] and the driving voltage in the simulation matches the experimental values. The thickness of the resin layer was evaluated to be approximately 0.1 mm. All of its properties have been taken as generic values for an epoxy resin. The properties of the mirror, such as Young's modulus, Poisson's ratio, and damping coefficient, have been chosen to be representative of an ordinary glass. The density has been obtained using the measured weight and dimensions of the mirror sample. Table 2 lists the properties of all materials used in the numerical simulations. It is expected that the numerical results will not match the experimental data because of the uncertainties in the material properties and the hypothesis that the mirror-resin and PZT-resin interfaces are perfect. It will however be useful to gain physical insight into the system.
The elements are all 20-node quadratic bricks with full integration. For the piezoelectric transducer, the element is fully-coupled, i.e. both piezoelectric and mechanical problems are solved simultaneously. The element reference number is SOLID226 with the first KEYOPT option set for electro-elastic. For the plate and the resin layer, the element is the classical mechanical one with the reference number SOLID186. The damping is introduced as proportional to the stiffness matrix divided by half the excitation angular frequency. The damping parameter is denoted η in Table 2 . It corresponds to the parameter m j in equation (14) (15) (16) (17) (18) (19) (20) (21) (22) from the theory reference of ANSYS [28] . From the numerical results, the data have been retrieved in the same region as the deflectometry results. The sample was not constrained in displacements nor force. A zero voltage potential was applied on the surface of the PZT in contact with the bonding material (resin or coupling gel) and a harmonic potential with a magnitude of 130 V was applied on the other side of the PZT.
Results
This section presents the results for both samples.
Mirror glass
Figures 8 to 10 present the comparison between the SLDV, deflectometry, and numerical results. This comparison is performed on the operational deflection shapes (U z ) figure 8, the horizontal and vertical slopes (S x and S y , respectively) figure 9 and the horizontal, vertical and shear equivalent strains (ε x , ε y , and ε s respectively) figure 10. There is a very good correlation between the vibrometry (figures 8a, 9a and 9d) and deflectometry ( figure 8b, 9b, and 9e ) results for the out-of-plane displacements and horizontal and vertical slopes. The operational deflection shapes are almost the same and the amplitudes match well, even though the SLDV slope data is lacking in spatial resolution and as a consequence, provide lower quality data than deflectometry. This is amplified when looking at the strain data obtained from the curvatures. The double spatial differentiation required for the SLDV data, together with the need for linear interpolation, result in poor strain information though both amplitudes and patterns show a very similar trend to the deflectometry data. The strains are spectacularly low, between 20 and -20 microstrains.
The finite element results exhibit a less striking correlation with the experimental results. In particular, the (a) Piezoelectric transducer [27] ρ 2500 kg m Table 2 . Material properties used in the finite element model. ρ is the density, εr the directional relative permittivity, η the structural damping ratio, C ijkl the stiffness coefficients, e ijkk the stress-charge coefficients, E the Young's modulus, and ν the Poisson's ratio.
predicted amplitudes are one order of magnitude larger than the measured ones as expected. However, the spatial wavelengths are very similar, as well as the orientation of the wave patterns, which is reassuring. A sensitivity analysis has been performed to understand how much of these differences could be attributed to inadequate material properties. It will also help to understand the effect of each parameter on the global response of the specimen.
The results are presented in figure 11 . The reference case is presented in figure 8b . The same colour scale has been kept to help visual comparison. Changing the plate's stiffness (figures 11a and 11d) modifies completely the wave patterns and the amplitudes. This is simply due to the fact that this modification changes the interaction between the shear and compressional waves that form these standing flexural wave patterns. The modification of the behaviour of the system due to the change in the plate's stiffness is clearly illustrated by the frequency response function presented in figure 12 . Reducing the stiffness of the resin layer (figures 11b and 11e) induces slightly higher deflections but its thickness (figures 11c and 11f) did not change the behaviour greatly. It was expected that the resin layer played an important role in the results as it acts as a vibration damper because it is sandwiched between the excitation and the specimen. As expected, the damping coefficient (figures 11g and 11j) of the specimen has very little impact on the results. It was also checked that both the resin and the PZT damping had even less effects but the results are not presented here for conciseness. The mechanical (figures 11h and 11k) properties of the transducer have a critical effect on the system's behaviour whereas the piezoelectric coupling properties (figures 11i and 11l) have a much smaller influence. It should be noted here that the electro-mechanical coupling factor, also called electro-mechanical efficiency, has not been taken into account in the simulation. Its effect would be to reduce the global response. Figure 13 compares the impedance spectra of the modelled PZT to those measured experimentally close to the first thickness resonance. It can be seen that although the results are close, there is a small frequency error relating to an imperfect match in material parameters. We chose not to pursue closer matching of these properties, as uncertainties in the properties of the plate will also contribute to the variation between modelled and experimental results as shown previously. Moreover, the interface between the transducer and the plate being considered as perfect will also contribute to this mismatch. However, despite the differences observed the FE model is still valuable for understanding the type of wave propagation observed experimentally and the effect of the material properties. The qualitative agreement in spatial frequencies and wave patterns is enough to back-up the deflectometry measurements at this stage. Figure 14 presents the deflectometry operational deflection shapes for excitations at 37.1 kHz and 99.8 kHz. The data in the zone where the plate is connected to the piezoelectric transducer (top right corner) has been hidden. The values in this region were mainly driven by the PZT and were of much higher magnitude than that of the plate only. At 37.1 kHz, the carbon/epoxy plate exhibits a similar response to that of the glass plate at 43.3 kHz shown in figure 8 . The spatial wavelengths are similar though the deformation amplitudes are lower, as expected from the fact that damping is higher in this polymer based material. Exciting the sample with a higher frequency causes the flexural wave patterns to change. The spatial wavelengths are now shorter and the amplitudes much smaller. These maps clearly illustrate the value of the deflectometry technique: providing very rich and detailed maps of extremely small deformations.
Carbon/epoxy plate

Conclusions
Deflectometry has been successfully used here to provide temporally and spatially resolved measurements of the operational deflection shapes caused by ultrasonic flexural waves propagating in mirror glass and carbon/epoxy composite samples. The results were corroborated by a standard measurement technique (scanning laser Doppler vibrometry, SLDV) in terms of amplitudes and spatial distributions, even though the quality of the deflectometry measurements proved far superior in terms of spatial resolution. The finite element simulation did not provide a full validation as the deformation amplitudes were an order of magnitude higher than the experimental ones, but the spatial wavelengths were consistent with the measurements. This is thought to be partly due to inaccuracies in the material parameters but probably more because of the difficulties in accurately representing the coupling between the PZT transducer and the panel. Since the objective here was not to develop a full finite element validation, this was not explored any further. It was also possible to investigate the effect of the excitation frequency on the response, up to 100 kHz.
To the best of the authors' knowledge, this is the first time that deflectometry has been used to image ultrasonic flexural waves. The key feature of deflectometry is that it measures slopes directly instead of deflections. This is extremely beneficial here as the curvatures (and hence, the strains in thin plate theory) are only one spatial differentiation away from the raw measurements, whereas the measurement of deflections requires a double spatial differentiation which strongly amplifies the effect of noise and compromises the curvature resolution. The main difference with existing techniques is that it provides temporal and spatial resolution simultaneously. The temporal resolution is limited by the frame rate of currently available ultra-high speed cameras, typically 0.2 µs for the state-ofthe-art cameras. This enables one to resolve the waves at frequencies up to 100 kHz at least. The spatial resolution of the measurements is limited by the spatial resolution of the camera sensor. The larger in this paper is 400 × 250 pixels 2 but another camera provides the same frame rate but with a 924 × 768 array sensor (Kirana camera, Specialized Imaging Ltd, UK). The spatial resolution also depends on the algorithm used to process the digital images. Here, the grid method enables to obtain an independent slope measurement point for each set of 5 × 5 pixels 2 . Using a random speckle target and a digital image correlation matching, a larger window would be required, typically 20 × 20 pixels 2 , leading to 16 times fewer data points. With the current setting using the Shimadzu HPV-X, the technique records the slopes simultaneously over a 50 by 80 grid. With SLDV, a grid of 15 by 17 measurement points was used, leading to a scan time of about five minutes. To provide the same spatial density as deflectometry, the scan time would have been about 80 minutes. Over such a long time, the stability of the specimen response becomes a key issue.
The main limitation of the present technique is that it is restricted to flat panels with smooth and highly specular reflective surfaces. The first requirement (flat surface) could be overcome by developing a calibration method suitable for this particular problem. This is difficult but not beyond reach as many studies have already been published on shape measurement of reflective surfaces, see [29] for instance. The second limitation is the need for a smooth and reflective surface. In the present work, the composite plate was coated with a thin layer of resin, according to the procedure developed in [21] . This would need to be extended to curved surfaces which should be possible, for instance using a smooth inflated silicone membrane which could be applied to the curved surface to mould the gel coat against. This means that the current technique has great potential for future NDT applications on structures like windmill blades or aerospace composite membranes, for instance. Finally, one of the challenges in NDT is to "read" these wave maps for the presence of damage. Recent damage indicators relying on mechanical equilibrium and dedicated to spatially resolved deformation data [14] could be adapted to this problem.
